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ABSTRACT
Using a new formulation of the Bézout matrix, we construct
bivariate matrix polynomials expressed in a tensor-product
Lagrange basis. We use these matrix polynomials to solve
common tasks in computer-aided geometric design. For ex-
ample, we show that these bivariate polynomials can serve as
stable and efficient implicit representations of plane curves
for a variety of curve intersection problems.

1. INTRODUCTION
Recently, numerous researchers have been drawn into the

search for basis-preserving algorithms. In several applica-
tion contexts, the formulation of the data that specify a
problem is most natural in a particular polynomial basis.
There may be numerical or other structural reasons that
mitigate the specific choice of basis and hence make it im-
portant to work with data in that given basis. For example,
in many computer-aided geometric design (CAGD) prob-
lems, it turns out to be crucial—both for numerical stability
and for efficiency—to apply the Bernstein basis. As a result,
there is a wealth of CAGD procedures that are formulated
entirely in the Bernstein polynomial basis that never require
that polynomials be converted to the more familiar mono-
mial basis [6, 12, 21].

A similar set of basis-preserving algorithms is available
in the Lagrange polynomial basis [2, 8, 9, 10, 24]. These
methods rely on the fact that the Lagrange polynomial in-
terpolants can be stably (and efficiently) evaluated in the
barycentric form [5, 16]. The Lagrange basis is the natural
choice of polynomial basis for manipulating with polynomial
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interpolants associated with prescribed numerical data. We
apply such algorithms in the present work to solve several
problems appearing in CAGD. In particular, the methods
under consideration demonstrate how the Bézout matrix
formulated in a Lagrange basis can be used to advantage.
Along the way, we develop several new theorems and make
some observations on efficiency (using displacement struc-
ture [19]) and on numerical stability.

The outline of the present work is as follows. In Section 2,
we review some established results about Lagrange polyno-
mials in barycentric form and their use in interpolation. We
present in Section 3 the definition of the Bézout matrix of
two polynomials and the key results about its representa-
tion in a Lagrange basis. We show in Section 4 how the
Bézout matrix in the Lagrange basis in a certain sense pro-
vides an efficient implicit representation for planar curves.
Section 5 consists of a number of geometric applications of
the Bézout matrix to curve intersection problems in CAGD
when the curves are known by data samples rather than
explicit parametric descriptions. Specifically, we consider
using the Bézout matrix to answer whether a given point
lies on a give curve, whether two given curves intersect
each other, and whether a given curve intersects an offset
curve [17] to another curve. We summarize our results in
Section 6 and suggest future research.

1.1 Basic Notations
In the present work, vectors and matrices are denoted by

bold letters. We denote the vector space of polynomials of
degree at most n by Pn. For bivariate polynomials of degree
at most m in the first argument and degree at most n in the
second, the associated vector space is denoted Pm,n. For a
bivariate polynomial p(s, t), degs(p(s, t)) (resp. degt(p(s, t)))
denotes the degree of p when considered as a polynomial in
s (resp. t) with polynomial coefficients in t (resp. s). We
use the symbol ⊗ for the Kronecker (alternatively, direct or
tensor) product of vectors or matrices [18]. Thus, if u ∈
[Pm]m+1 is a basis for Pm and v ∈ [Pn]n+1 is a basis for Pn,
then u ⊗ v is a tensor-product basis for Pm,n.

2. THE LAGRANGE POLYNOMIAL BASIS

Definition 2.1. Let τ = (τ1, . . . , τn+1) ∈ C
n+1 be a vec-

tor whose numerical entries are all distinct. We define the



associated Lagrange polynomials Li(t; τ ) by

Li(t; τ ) :=

n+1Y

j=1

j 6=i

(t − τj)

(τi − τj)
∈ Pn (1 ≤ i ≤ n + 1). (1)

The Lagrange polynomials in Definition 2.1 admit several
well-known properties. In particular, Li(τj ; τ ) = δij , (1 ≤
i, j ≤ n+1), where δij is the Kronecker delta. The elements
of the Lagrange vector

L(t; τ ) := (L1(t; τ ), . . . , Ln+1(t; τ ))T (2)

constitute a basis set for the (n + 1)-dimensional vector
space Pn (assuming the nodes τi are all distinct). Moreover,
deg(Li(t; τ )) = n, (1 ≤ i ≤ n + 1), so the Lagrange basis
{Li(t; τ )}1≤i≤n+1 is clearly not degree-graded. Further, if
σ = (σ1, . . . , σm+1) ∈ C

m+1 and τ = (τ1, . . . , τn+1) ∈ C
n+1

are vectors with distinct entries, then the vector

L(s; σ) ⊗ L(t; τ ) (3)

is a tensor-product basis for Pm,n.
The Lagrange polynomials as written in (1) have common

products that can be used to computational advantage in
barycentric form [5].

Definition 2.2. The barycentric form of the Lagrange poly-
nomials is written as

Li(t; τ ) =
ωi(τ )ℓ(t; τ )

t − τi

, (1 ≤ i ≤ n + 1), (4a)

where, for convenience, we define

ℓ(t; τ ) :=

n+1Y

j=1

(t − τj) ∈ Pn, (4b)

ω(τ ) := (ω1, ω2, . . . , ωn+1) ∈ C
n+1, (4c)

ωi(τ ) :=
ˆ
ℓ′(τi; τ )

˜−1
=

2
64

n+1Y

j=1

j 6=i

(τi − τj)

3
75

−1

(4d)

for 1 ≤ i ≤ n+1. The numbers ωi(τ ) in (4c),(4d) are called
the barycentric weights.

Given n + 1 distinct nodes in τ , the vector ω(τ ) can be
precomputed and stored at O(n2) cost. This preprocessing
is useful when repeatedly evaluating interpolants. Moreover,
although the rational formula (4a) as written is not valid at
t = τi, the discontinuity is removable and the appropriate
limiting value is 1 (1 ≤ i ≤ n + 1) [2].

2.1 Interpolation in the Lagrange Basis
Let the data τ = (τ1, . . . , τn+1) and p = (p1, . . . , pn+1) be

given where the entries of τ are all distinct. The standard
interpolation problem is to determine a polynomial p ∈ Pn

such that p(τi) = pi (1 ≤ i ≤ n + 1). By Definition 2.1,

p(t) =

n+1X

i=1

piLi(t; τ ). (5)

Moreover, the formula (4a) provides an alternative expres-
sion for computing the interpolant p(t) in (5), namely

p(t) = ℓ(t; τ )

n+1X

i=1

ωi(τ )pi

t − τi

. (6)

The rational expression (6) is sometimes called the (first)
barycentric form. The barycentric form is of practical value
because the interpolant p(t) can computed stably in O(n)
operations (assuming the weights ω are pre-computed) as
opposed to O(n2) operations using (5) directly.

Lemma 2.1 provides us with a formula to compute deriva-
tives of interpolants directly from the data.

Lemma 2.1. Let the data τ ,p ∈ C
n+1 define an inter-

polant p(t) ∈ Pn as in (5). The values p′
i := p′(τi) of the

derivative of the interpolant p′(t) ∈ Pn−1 at the nodes τ are

p′
i =

1

ωi(τ )

n+1X

j=1

j 6=i

ωj(τ )(pj − pi)

τi − τj

(1 ≤ i ≤ n + 1). (7)

Proof. See [1], or, e.g., Exercise 6.1 of [26] for a slightly
different (possibly more numerically stable) formula.

3. THE BEZOUT MATRIX
We begin with the familiar construction of the Bézout

matrix from the Cayley quotient [4, 6].

Definition 3.1. Let p, q ∈ Pn with n = max(deg(p), deg(q)).
The Cayley quotient of p and q is the function Cp,q ∈ Pn−1,n−1

defined by

Cp,q(s, t) :=
p(s)q(t) − p(t)q(s)

s − t
. (8)

Notice that the Cayley quotient in Definition 3.1 makes no
reference to any particular basis in which the polynomials p
and q may be represented. Although Cp,q(s, t) as written in
(8) is a rational function of s and t, the numerator vanishes if
s = t; as such, s−t divides p(s)q(t)−p(t)q(s) and the Cayley
quotient Cp,q is a bivariate polynomial in Pn−1,n−1 as stated.
Moreover, the apparent discontinuity is removable and Cp,q

can be evaluated when s = t according to Lemma 3.1.

Lemma 3.1. lim
s→t

Cp,q(s, t) = p′(t)q(t) − p(t)q′(t) ∀t ∈ C.

Proof. By Definition 3.1 for the Cayley quotient,

lim
s→t

Cp,q(s, t) = lim
s→t

p(s)q(t) − p(t)q(s)

s − t

= lim
s→t

»
p(s) − p(t)

s − t
q(t) − p(t)

q(s) − q(t)

s − t

–

= p′(t)q(t) − p(t)q′(t).

for any t ∈ C.

Standard definitions of the Bézout matrix from the Cayley
quotient make explicit reference to the monomial or power
basis (see, e.g., [4]). Representations of the Bézout matrix
in other bases have been derived [6, 22]. The presentation
that follows is an attempt to unify these efforts. If we regard
Cp,q as a bilinear mapping from Pn−1 ×Pn−1 into Pn−1,n−1,
then Cp,q admits a representation as a quadratic form. The
matrix associated with this quadratic form in a particular
basis is the Bézout matrix.

Definition 3.2. Let p, q ∈ Pn with n = max(deg(p), deg(q)).

Let eΦ = (φ1, . . . , φn)T ∈ [Pn−1]
n×1 be a vector-valued func-

tion whose elements constitute a basis for Pn−1. The Bézout

matrix in the basis eΦ is the matrix of coefficients Bezp,q ∈



C
n×n of the Cayley quotient Cp,q ∈ Pn−1,n−1 in the tensor-

product basis eΦ ⊗ eΦ for Pn−1,n−1. That is, the entries of
B := Bezp,q are the scalars Bij ∈ C such that

Cp,q(s, t) = eΦ(s)T
BeΦ(t), (9a)

=
nX

i=1

nX

j=1

Bijφi(s)φj(t). (9b)

The primary motivation for studying the Bézout matrix of
p and q stems from the connection between the null vectors
of Bezp,q and the common zeros of p and q.

Lemma 3.2. Let p, q ∈ Pn with n = max(deg(p), deg(q)).
Suppose that t∗ ∈ C is a common zero of p and q. Then
Cp,q(s, t

∗) ≡ 0 for all s ∈ C. Moreover, if B = Bezp,q is

the Bézout matrix of p and q in the basis eΦ of Pn−1, then
eΦ(t∗) is a null vector of B.

Proof. See [23].

3.1 The Bezout Matrix in the Lagrange Basis
While p, q ∈ Pn may be represented using a basis Φ for

Pn, the Bézoutian of p, q is expressed using a (possibly dis-

tinct) basis eΦ for Pn−1. Standard derivations of explicit

expressions for Bezp,q in different bases in the basis eΦ typi-
cally rely on recurrence relations between polynomials in Φ

and eΦ. In a Lagrange basis, recurrences are not needed to
derive the Bézout matrix due to the simple properties of the
Lagrange polynomials.

Theorem 3.1. Let p, q ∈ Pn with n = max(deg(p), deg(q)).
Suppose τ = (τ1, . . . , τn+1) ∈ C

n+1 consists of distinct nu-
merical values. Let p = (p1, . . . , pn+1) and q = (q1, . . . , qn+1)
be numerical data such that

p(τi) = pi and q(τi) = qi (1 ≤ i ≤ n + 1).

Let eτ = (τ1, . . . , τn) ∈ C
n consist of all the nodes in τ except

τn+1. Let p′
i = p′(τi) and q′i = q′(τi) denote the values of the

derivatives of p and q as in Theorem 2.1 (1 ≤ i ≤ n). Then,
the Bézout matrix Bezp,q in the Lagrange basis L(t; eτ ) ∈
[Pn−1]

n is the matrix B with entries given by

Bij =

8
<
:

piqj − pjqi

τi − τj

, i 6= j

p′
iqi − piq

′
i, i = j

(1 ≤ i, j ≤ n). (10)

Proof. We present a different proof than that in [23].
From (9b), we have

nX

k=1

nX

ℓ=1

BkℓLk(s; eτ )Lℓ(t; eτ ) = Cp,q(s, t). (11)

As Lj(τi; eτ ) = δij , the sums in (11) reduce to Bij with the
substitution (s, t) = (τi, τj) (1 ≤ i, j ≤ n). The Cayley
quotient in (8) directly gives

Bij = Cp,q(τi, τj) =
piqj − pjqi

τi − τj

when i 6= j (1 ≤ i, j ≤ n). When i = j,

Bii = p′(τi)q(τi) − p(τi)q
′(τi) = p′

iqi − piq
′
i

by Lemma 3.1 (1 ≤ i ≤ n).

The decision to drop the last node τn+1 of τ to construct
the basis L(t; eτ ) is arbitrary. Any other node can be dropped
and the nodes reordered appropriately to be consistent with
results in the present work.

If the polynomials p and q are specified by the data τ ,
p, q ∈ C

n+1, then the Bézout matrix B = Bezp,q can be
constructed according to Theorem 3.1. Provided that p and
q possess a single common zero of multiplicity at most one,
then there is only a single null vector of B (this result is
proved for Bézoutians in the monomial basis in [15]; the
Bézout matrix in the Lagrange basis is congruent to the
Bézout matrix in the monomial basis (see [23]) and hence has
the same nullity). Assuming numerical routines are available
to find null vectors of B, we can use the obtained null vector
to find the common root using a procedure referred to as
“taking moments”.

Theorem 3.2. Let p, q ∈ Pn with n = max(deg(p), deg(q)).
Let p and q be specified by data τ , p, and q as in Theo-
rem 3.1. Assume that p and q have at most one common
root with multiplicity at most one, i.e., deg(gcd(p, q)) = 1.
Assume also that the Bézout matrix B = Bezp,q in the La-
grange basis L(t; eτ ) admits a one-dimensional nullspace with
representative vector v ∈ C

n×1. Then, the common zero of
p and q is

t∗ =

"
nX

i=1

vi

#−1 nX

j=1

τjvj . (12)

Proof. See [23].

Theorem 3.2 is the basis of a construction that can be used
for finding common roots of polynomials. The procedure of
taking moments from a null vector of a Bézout matrix can
be numerically unstable and lead to spurious results in the
event that the polynomials have common roots at ∞.

3.2 Polynomial Eigenvalue Problems
Questions relating to common roots and other quantities

of interest can be resolved by considering simple eigenvalue
problems for the univariate case discussed so far. However,
we encounter in several applications a Bézout matrix for bi-
variate polynomials given by samples in each variable. The
natural basis for many such is the tensor product of the La-
grange basis in each variable, namely L(s; σ)⊗L(t; τ ). Con-
sideration of such intersection problems leads to a Bézout
matrix that is in fact a matrix polynomial which in turn
gives rise to a polynomial eigenvalue problem. There is a
large literature on such problems; in this context see [14,
20].

To be concrete, we define an n × n matrix polynomial as
an n × n matrix B(t) whose entries Bij(t) are polynomials
(1 ≤ i, j ≤ n). The degree of a matrix polynomial B(t) is
the maximum degree of its entries, i.e.,

deg(B(t)) := max
1≤i,j≤n

deg(Bij(t)).

Given a matrix polynomial B(t), the polynomial eigenvalue
problem is as follows:

Find t∗ ∈ C such that B(t∗) is singular. (13)

Theoretical results about solutions of polynomial eigenvalue
problems are available in [14, 20]. Moreover, standard algo-
rithms exist for polynomial eigenvalue problems expressed



in the power basis through linearization, i.e., finding an as-
sociated pair of companion matrices that define a gener-
alized eigenvalue problem whose generalized eigenvalues are
exactly the polynomial eigenvalues of the matrix polynomial
B(t) (see [11, 20, 25] and, e.g., Matlab’s polyeig function).

Given a matrix polynomial B(t) written in the Lagrange
basis L(t; τ ), we construct a block matrix pencil (C0,C1)
whose generalized eigenvalues include the polynomial eigen-
values of B(t). In the present paper, we do not present
this construction, nor do we discuss algorithms for solutions
of eigenvalue problems; instead, we assume that robust soft-
ware exists to solve polynomial eigenvalue problems like (13)
when they occur. See [1, 2, 8] for specific details.

4. POINTWISE PARAMETRIC AND IMPLICIT
REPRESENTATIONS

Consider the following common task, which we will study
in more detail in the next section: Given (ξ, η) ∈ R

2, we wish
to know if (ξ, η) lies on a prescribed curve1 γ ⊂ R

2. As is
well-known, the appropriate method to answer this question
depends strongly on the manner in which γ is represented.
If γ is given implicitly as the locus of points (x, y) ∈ R

2 such
that

f(x, y) = 0 (14)

for some known bivariate function f : R
2 → R, we can sim-

ply evaluate f(ξ, η); if |f(ξ, η)| is smaller than a reasonable
tolerance, we conclude that (ξ, η) ∈ γ (at least approxi-
mately). On the other hand, if γ is given explicitly by a
parametric description, then (x, y) = (P (t), Q(t)) for some
univariate functions P : R → R and Q : R → R. In this
case, to determine whether (ξ, η) ∈ γ, we need determine
whether the system of equations

P (t∗) − ξ = 0,
Q(t∗) − η = 0

(15)

admits a real solution t∗. The latter approach is clearly
more challenging than the former.

Now suppose that γ is neither prescribed implicitly nor
explicitly, i.e., neither f in (14) nor P and Q in (15) are avail-
able. Instead, γ is known only by the data τ , P, Q ∈ R

n+1

such that (Pi, Qi) = (P (τi), Q(τi)) (1 ≤ i ≤ n + 1) where P
and Q are assumed to polynomials of degree at most n. We
claim that this is almost equivalent to knowing a parametric
representation for γ, in that with only O(n2) work we may
construct the barycentric representations of P (t) and Q(t),
allowing efficient evaluation and manipulation.

Further, and this is new to this paper, we claim that this
is also almost equivalent to knowing an implicit representa-
tion for γ, in the following sense. Again with only O(n2)
work, we may construct a (possibly complex) symmetric bi-
variate matrix polynomial B(x, y) which is singular at every
point (x, y) on γ. This means that, for example, we may
decide with O(n3) work—or possibly O(n2) work if the dis-
placement structure can be used as in [6]—whether or not
a given point (X, Y ) is on the curve. We will see other ex-
amples of tasks that we may carry out that normally are

1Strictly speaking, in differential geometry, a curve is a one-
dimensional manifold associated with an atlas of smooth
mappings from R into Euclidean space. In accordance with
standard abuses of terminology, we refer to the locus of
points that is the range of such mappings as a curve.

easiest with an explicit expression for the ‘implicit’ curve
f(x, y) = 0.

The higher cost, O(n3) vs O(n2), of these operations means
that in some sense knowing the data τ , P, and Q is ‘closer’
to a parametric representation than it is to an implicit rep-
resentation. However, we note that this matrix polynomial
‘implicit’ representation may have substantial numerical sta-
bility advantages over conversion to an explicit expression
for f(x, y) = 0 that compensate for its increased cost.

In closing this section, we note that this is the inverse of
the problem of numerical parameterization, which has been
solved with a similar approach in [3].

5. CURVE INTERSECTION PROBLEMS
We assume in the following applications that the problem

is specified using numerical data. That is, the curves under
consideration are not explicitly known in parametric form.
Instead, practical realizations of the parametrizations are
derived using interpolants.

5.1 Does a Given Point Lie on a Curve?
Given (ξ, η) ∈ R

2, we wish to know if (ξ, η) lies on a pre-
scribed curve γ ⊂ R

2. Suppose that γ is neither prescribed
implicitly nor explicitly, i.e., neither f in (14) nor P and
Q in (15) are available. Instead, the explicit parametriza-
tion (x, y) = (P (t), Q(t)) describing γ is known only by the
data τ , P, Q ∈ R

n+1 such that (Pi, Qi) = (P (τi), Q(τi))
(1 ≤ i ≤ n + 1) where P and Q are assumed to polynomials
of degree at most n. As such, the data P and Q are the co-
efficients of P (t) and Q(t) respectively using the Lagrange
basis L(t; τ ) in (2).

Defining p(t) := P (t) − ξ and q(t) := Q(t) − η, the co-
efficients of the polynomials p(t) and q(t) in the Lagrange
basis L(t; τ ) are p := (P1 − ξ, . . . , Pn+1 − ξ) and q := (Q1 −
η, . . . , Qn+1 − η); By definition of p(t) and q(t), (ξ, η) ∈ γ
iff the polynomials p(t) and q(t) admit a common root. Ac-
cording to Lemma 3.2, p(t) and q(t) admit a common root
only when the associated Bézout matrix admits nontrivial
null vectors. thus, we can set up

B := Bezp,q = BezP (t)−ξ,Q(t)−η (16)

in the Lagrange basis L(t; eτ ) as in Theorem 3.1 and deter-
mine its nullspace. That is, working directly from the pre-
scribed data (ξ, η), τ , P, and Q, we can determine whether
the given point (ξ, η) lies on the prescribed curve γ.

We should be aware that it is possible that the real point
(ξ, η) = (P (t∗), Q(t∗)) ∈ R

2 lies on the curve γ for some
complex argument t∗ ∈ C\R. For most curve intersection
problems, we discard such a solution favouring real intersec-
tions with real arguments. Such a point is called a geometric
extraneous component [13].

Computing the smallest singular value gives the distance
to the nearest singular unstructured matrix, and thus is only
a lower bound on the distance to the nearest polynomially
parametrized curve that goes through (ξ, η), or to the near-

est point (bξ, bη) which is on the curve γ. Thus, strictly speak-
ing, this method is reliable only in deciding when (ξ, η) is
not on the curve. However, in practice, we expect that (as
in this example) a small singular value will indicate that the
point is close to one that is actually on the curve.

Example 5.1. Suppose n = 3 and that the data τ , P, and
Q describing γ ⊂ R

2 are given by τ = (−1,−1/3, +1/3, 1),



P = (+1, +1/9, +1/9, 1), and Q = (−1,−1/27, 1/27, 1). We
wish to determine if (ξ, η) = (0.60005, 0.46476) lies on a
curve γ that interpolates the given data.

We define p(t) := P (t) − ξ and q(t) := Q(t) − η. We use
p and q to construct the Bézout matrix B := Bezp,q in the
basis L(t; eτ ) as specified in Theorem 3.1, i.e.,

B =

0
@

1.72967 1.375308 0.665434
1.375308 0.497511 0.054327
0.665434 0.054326 −0.122169

1
A

(more digits are used in intermediate computations than
are displayed). The smallest singular value of B is roughly
3.8 × 10−6; given that the precision of (ξ, η) is at best 5
decimal places, we conclude that (ξ, η) does in fact lie on γ.

We can do more. The nullspace of B is a vector of the form
v = αL(t∗; eτ ), where eτ = (τ1, τ2, τ3) consists of the first
three nodes of τ . By taking moments as in Theorem 3.2,
the parameter t∗ for which p(t∗) = q(t∗) = 0 is

t∗ =
τ1v1 + τ2v2 + τ3v3

v1 + v2 + v3
≃ 0.774639 .

This artificial example (constructed from the semicubic x =
t2, y = t3) illustrates that the approach can work, even in
the face of data error.

5.1.1 Extension to Rational Parametrization
We can generalize the method in Section 5.1 from poly-

nomial curves to rational curves. Let γ be a planar curve
with parametrization (x, y) = (P (t), Q(t))/R(t) where P ,
Q, and the common denominator R are all polynomial func-
tions with n = max(deg(P ), deg(Q), deg(R)). The func-
tions are not known but the vectors P = (P1, . . . , Pn+1),
Q = (Q1, . . . , Qn+1), and R = (R1, . . . , Rn+1) specify the
values of the functions P , Q, and R respectively at the values
τ = (τ1, . . . , τn+1).

To determine whether (ξ, η) lies on a rational curve γ, the
procedure is as before with a minor alteration; we define
p(t) := P (t) − ξR(t) and q(t) := Q(t) − ηR(t) and com-
pute the corresponding Bézout matrix Bezp,q in the basis
L(t; eτ ). Again, Lemma 3.2 implies that at any simple com-
mon zero t∗ of p and q, the vector L(t∗; eτ ) is a null vector of
Bezp,q. As in the preceding example, taking moments gives
the desired value of t∗.

5.2 Do Two Given Curves Intersect?
If we have two curves, each specified by discrete samples of

parameter values and points on the curves, we may compute
any and all intersections of these curves directly by solving
a polynomial eigenproblem based on Bézout matrices. We
outline two approaches.

5.2.1 Solving P (t) = bP (s), Q(t) = bQ(s)

Suppose that the curves γ and bγ have parametric repre-

sentations (x, y) = (P (t), Q(t)) and (x, y) = ( bP (s), bQ(s)) re-
spectively. We assume that all the parametric functions are
polynomials and that both n = max(deg(P ), deg(Q)) and

bn = max(deg( bP ), deg( bQ)) are known. The explicit functions
P and Q are specified in the Lagrange basis L(t; τ ) by their
values P = (P1, . . . , Pn+1) and Q = (Q1, . . . , Qn+1) at some
distinct parameter values τ = (τ1, . . . , τn+1). Similarly,
bP , and bQ are known by their values bP = ( bP1, . . . , bPbn+1)

and bQ = ( bQ1, . . . , bQbn+1) and at distinct parameter values

bσ = (bσ1, . . . , bσbn+1). We may now ask, are there any inter-
sections of these curves, and if so, where are they?

Following the standard practice in the monomial basis
(see, e.g., [4]), we use Theorem 3.1 to form the Bézout ma-

trix for the polynomials P (t)− bP (s) and Q(t)− bQ(s) in the
Lagrange basis L(t; eτ ) (treating s as a symbolic parameter).
The result is a matrix polynomial

B(s) = BezP (t)− bP (s),Q(t)− bQ(s) (17a)

of degree at most bn in s. In fact, the bn+1 numeric matrices

Bk := BezP (t)− bPk,Q(t)− bQk
(1 ≤ k ≤ bn + 1) (17b)

(each computed in the basis L(t; eτ )) are the n × n matrix
coefficients of the matrix polynomial B(s) of degree at most
bn in the Lagrange basis L(s; σ), i.e.,

B(s) = BezP (t)− bP (s),Q(t)− bQ(s) =

bn+1X

k=1

BkLk(s; σ). (17c)

The motivation for the preceding construction is as fol-
lows. Each point of intersection (ξ, η) of γ and bγ gives rise
to a pair of numerical values s∗ and t∗ such that (ξ, η) =

(P (t∗), Q(t∗)) = ( bP (s∗), bQ(s∗)). The argument in Section 5.1
shows that BezP (t)−ξ,Q(t)−η computed in the basis L(t; eτ )
is singular, i.e., the matrix B(s∗) is singular so s∗ is a poly-
nomial eigenvalue of B(s). Thus, having computed the coef-
ficients of B(s) in the basis L(s; σ), the corresponding poly-
nomial eigenvalues are candidates for parameter values s∗

where the curves γ and bγ cross.

Example 5.2. The curves γ and bγ are of degree at most
n = 3 and bn = 2 respectively. The data τ ,P,Q ∈ R

4 and

σ, bP, bQ ∈ R
3 specifying the curves are

τ = (−1,−1/3, +1/3, 1), σ = (−2, 0, 2),

P = (2, 10/9, 10/9, 2), bP = (9, 1, 1),

Q = (−1, 23/27,−23/27, 1), bQ = (7,−1, 7).

Carrying out the program described above, we compute
the Bézout matrices Bk := BezP (t)− bPk,Q(t)− bQk

in the basis

L(t; eτ ) for 1 ≤ k ≤ 3, yielding

B1 =

0
@

79 271
9

55
9

271
9

− 733
81

− 1633
81

55
9

− 1633
81

− 1489
81

1
A ,

B2 =

0
@

9 − 25
9

− 1
9

− 25
9

− 85
81

23
81

− 1
9

23
81

23
81

1
A ,

B3 =

0
@

7 71
9

47
9

71
9

347
81

23
81

47
9

23
81

− 409
81

1
A .

We now find the polynomial eigenvalues of the matrix
polynomial B(s) =

P3
i=1 BiLi(s; σ). Associated with B(s)

is a 12 × 12 generalized companion matrix pencil (C0,C1)
whose generalized eigenvalues include the polynomial eigen-
values of B(s) (see [2, 9]). We construct this pencil and
apply a generalized eigensolver; after removing all complex
eigenvalues and 2n = 6 generalized eigenvalues at infinity,
we have

s∗1 = 3.0517, s∗2 = −0.3894, s∗3 = −0.1613, s∗4 = −0.0943



as potential values of s at a real intersection of γ and bγ.
We evaluate the Bézout matrix B(s∗i ) at each s∗i using

the barycentric formula (6) and look for the corresponding
nullspace (1 ≤ i ≤ 4). For instance, at s = s∗1 = 3.0517, the
numeric matrix

B(s∗1) =

0
B@

57.1393 30.9729 12.6630

30.9729 6.0187 −7.9184

12.6630 −7.9184 −17.4829

1
CA

has a nullspace spanned by v = (−0.2940, 0.7725,−0.5628)T .
Applying the method of moments outlined in Theorem 3.2,
the corresponding value of t = t∗1 is

t∗1 =

P3
k=1 τkvkP3

k=1 vk

≈ 1.7915.

We obtain (x∗
1, y

∗
1) := (P (t∗1), Q(t∗1)) ≃ (4.2096, 17.6262);

similarly, the point (bx∗
1, by∗

1) := ( bP (s∗1), bQ(s∗1)) agree with
(x∗

1, y
∗
1) to about 10 ulps. The remaining values of s∗i yield

approximate points of intersection that agree to a similar
accuracy (2 ≤ i ≤ 4).

Remark 5.1.

1. The diagonal entries of the BezP (t)−x∗
1

,Q(t)−y∗
1

are lin-
ear in x∗

1 and y∗
1 . Thus, by considering B11 and Bn−1,n−1

we get two independent linear equations in x∗ and y∗.
This refinement removes the need for the final evalu-
ation of the interpolant to find the coordinates of the
intersection point (x∗, y∗).

2. At no time have we converted to the monomial basis.
We have made use of the barycentric form of the poly-
nomial and evaluated the matrix polynomial at select
points.

3. Reliable computation of the null vectors of numeri-
cally singular matrices is an important step in this al-
gorithm.

4. This process works perfectly well with self-intersections;
simply use the same parametrization for the second
curve.

5. Because of the structure of the matrices, some variant
of Rayleigh Quotient Iteration with a good initial guess
may be more efficient than using off-the-shelf software
for the generalized eigenvalues of the linearization.

6. Bini & Gemignani have shown that Bézoutians in the
Bernstein basis have nontrivial displacement structure,
leading to very fast algorithms [7]. The same is true in
the Lagrange basis (for the same reason: the matrices
are in fact similar to each other).

5.2.2 Using an Implicit Equation
We consider the problem of Section 5.2.1 using a slightly

different approach. Assume that the curves γ (resp. bγ)
and its parametrization (x, y) = (P (t), Q(t)) (resp. (x, y) =

( bP (s), bQ(s))) and its data τ ,P,Q ∈ R
n+1 (resp. σ, bP, bQ ∈

R
bn+1) are as before. First, we construct a symbolic n × n

Bézout matrix B(ξ, η) in the parameters ξ and η using the
data associated with the curve γ. Next, we substitute ξ =

bP (s) and η = bQ(s) into B(ξ, η) to obtain a matrix polyno-
mial in s. The matrix polynomial plays the same role as the
implicit equation associated with γ; in particular, the point
(ξ∗, η∗) lies on γ if B(ξ∗, η∗) is a singular matrix.

Specifically, we define the n×n Bézout matrix B(ξ, η) by

B(ξ, η) := BezP (t)−ξ,Q(t)−η (18a)

in the Lagrange basis L(t; eτ ), treating ξ and η as symbolic
parameters. It is easy to prove that the entries of B(ξ, η) are
linear in ξ and η; in particular, for the off-diagonal entries
where i 6= j,

[B(ξ, η)]ij =

„
Q(τj) − Q(τi)

τi − τj

«
ξ +

„
P (τj) − P (τi)

τi − τj

«
η

+

„
P (τi)Q(τj) − P (τj)Q(τi)

τi − τj

«
, (18b)

and for the diagonal entries,

[B(ξ, η)]ii = (−Q′(τi))ξ + (−P ′(τi))η

+ (P ′(τi)Q(τi) − P (τi)Q
′(τi)) (18c)

(1 ≤ i, j ≤ n). Thus, B(ξ, η) = ξ U + η V + W where

U := −BezQ(t),1, (19a)

V := −Bez1,P (t), (19b)

W := BezP (t),Q(t), (19c)

with all the Bézoutian matrices computed in the Lagrange
basis L(t; eτ ).

Having computed the Bézoutian matrices U, V, and W,
the intersection problem is solved by the substitution ξ =
bP (s) and η = bQ(s) into B(ξ, η) to obtain a matrix polyno-
mial in s, i.e.,

B(s) := B
“

bP (s), bQ(s)
”

. (20)

As before, the intersections of γ and bγ are polynomial eigen-
values of B(s), so the solution of the associated polynomial
eigenvalue problem leads to potential intersections. The pro-
cedure from here is exactly as in Section 5.1.

Remark 5.2. This approach does not work when the two
considered curves are the same, i.e., this framework can not
be used to determine the self-intersections of a given curve.

5.2.3 Intersecting Rational Curves
The methods described so far generalize readily from poly-

nomial curves to rational curves. Let γ be a planar curve
with rational parametrization (x, y) = (P (t)/R(t), Q(t)/R(t))
where P , Q, and R are all polynomial functions. Similarly,

bγ has a parametrization (x, y) =
“

bP (s)/ bR(s), bQ(s)/ bR(s)
”

with polynomial functions bP , bQ, and bR. For the present
discussion, the separate components of the curves are as-
sumed to have the same denominator. As in Sections 5.2.1
and 5.2.2, there are two approaches for building the associ-
ated Bézout matrix polynomial.

For the first approach, the matrix polynomial B(s) :=

Bezp(s,t),q(s,t) in the basis L(t; eτ ), where p(s, t) := P (t) bR(s)−
bP (s)R(t) and q(s, t) := P (t) bR(s) − bP (s)R(t). We proceed
exactly as before: first, we compute those s∗ such that B(s∗)
is singular and, second, we analyze the null space of B(s∗)
and take moments. The size of the matrix B(s) is given
by max (degt(p(s, t)), degt(q(s, t))) while the degree of B(s)



is bounded by degs(p(s, t)) + degs(q(s, t)). It is straightfor-
ward to derive bounds for the degrees of p(s, t) and q(s, t)

from the bounds for the degrees of P , Q, R, bP , bQ, and bR.
For the second approach, the matrix B(ξ, η) is defined as

the Bézoutian matrix of P (t)−R(t)ξ and Q(t)−R(t)η, i.e.,
B(ξ, η) := BezP (t)−R(t)ξ,Q(t)−R(t)η in the Lagrange basis
L(t; eτ ) with ξ and η regarded as symbolic parameters. The
entries of B(ξ, η) are linear forms in ξ and η, so B(ξ, η) =
ξ U + η V + W where

U := −BezQ(t),R(t), (21a)

V := −BezR(t),P (t), (21b)

W := BezP (t),Q(t), (21c)

with all the Bézoutian matrices computed in L(t; eτ ). The
parameter values s = s∗ at prospective intersection points
are the real polynomial eigenvalues of the matrix polyno-

mial B(s) = bP (s)U+ bQ(s)V+ bR(s)W. The corresponding
parameter values t = t∗ at the intersections are found from
the null vectors of B(s∗) by taking moments.

5.3 Does a Given Curve Intersect a Given Off-
set Curve?

Given a plane curve γ with parametric description (x, y) =
(P (t), Q(t)), the r-offset to γ is the set

γr := {(ξ, η) : dist((ξ, η), γ) = r} (22)

where “dist” is the minimum Euclidean distance from (ξ, η)
to γ. Geometrically, the offset curve is traced by the end of
a rigid rod of length r held at right angles to γ while the
other end traverses γ. Analytically,

(P (t) − ξ)2 + (Q(t) − η)2 = r2, (23a)

(P (t) − ξ)
P ′(t)

g(t)
+ (Q(t) − η)

Q′(t)

g(t)
= 0, (23b)

where g(t) := gcd(P ′(t), Q′(t)). The removal of the factor
g(t) in (23b) is necessary to keep the algebraic representation
of the offset curve faithful (see [17] for more details).

The tools developed so far can be applied to find the in-
tersections of a given curve bγ with the r-offset γr of an-
other prescribed curve γ (including the case bγ = γ, i.e.,
where γ intersects its own r-offset). Specifically, we as-
sume that γ (resp. bγ) has rational parametrization (x, y) =

(P (t), Q(t))/R(t) (resp. (x, y) = ( bP (s), bQ(s))/ bR(s)) which
is known in the Lagrange basis L(t; τ ) (resp. L(s; σ)) for
some nodes τ = (τ1, . . . , τn+1) (resp. σ = (σ1, . . . , σbn+1)).

We define the functions

p(t; ξ, η) :=
“
P (t) bR(s) − R(t) bP (s)

”2

(24a)

+
“
Q(t) bR(s) − R(t) bQ(s)

”2

− r2 bR2(s)R2(t),

q(t; ξ, η) :=
1

g(t)

„
P (t)

R(t)

«′ “
P (t) bR(s) − R(t) bP (s)

”
(24b)

+
1

g(t)

„
Q(t)

R(t)

«′ “
Q(t) bR(s) − R(t) bQ(s)

”
,

g(t) := gcd

„„
P (t)

R(t)

«′

,

„
Q(t)

R(t)

«′«
, (24c)

B(ξ, η) := Bezp(t;ξ,η),q(t;ξ,η), (24d)

where B(ξ, η) in (24d) is computed in the Lagrange basis
L(t; eτ ) with (ξ, η) considered as parameters.

Example 5.3. We assume that the curves γ and bγ have
parametrizations as described above. We assume that

n := 4 ≥ max(deg(P ), deg(Q), deg(R)) and

bn := 2 ≥ max(deg( bP ), deg( bQ), deg( bR)).

Since degt B ≤ 3n − 1, we need at least 3n = 12 samples
in t. Since degs detB ≤ 3bn, we need at least 3bn + 1 = 7
samples in s.

The values of P , Q, and R on the nodes τ ∈ R
12 are

given by the data vectors P,Q,R ∈ R
12 respectively as in

the table below (only half the values are printed, to save
space: the τ13−k = −τk are symmetric, and P13−k = Pk,
Q13−k = −Qk, and R13−k = Rk:

k τk Pk Qk Rk

1 −1 −2 2 4
2 −9/11 −122/121 1098/1331 40804/14641
3 −7/11 −26/121 182/1331 28900/14641
4 −5/11 46/121 −230/1331 21316/14641
5 −3/11 94/121 −282/1331 16900/14641
6 −1/11 118/121 −118/1331 14884/14641

.

Similarly, the values of bP , bQ, and bR on the nodes σ ∈ R
7

are bP, bQ, bR ∈ R
7 respectively, with (again using symmetry

σ8−k = −σk, bP8−k = bPk, bQ8−k = − bQk, and bR8−k = bRk.

k σk
bPk

bQk
bRk

1 −12/5 −119/50 −12/5 169/25
2 −1 0 −1 2
3 −2/5 21/50 −2/5 29/25
4 0 1/2 0 1
5 2/5 21/50 2/5 29/25
6 1 0 1 2
7 12/5 −119/50 12/5 169/25

.

We wish to locate the intersections of bγ with γ 1

2

, i.e., the

r = 1/7 offset curve of γ. We form B as indicated; it is an
11 by 11 matrix polynomial. It is not, however, a regular
matrix polynomial because there is a nontrivial gcd g(t). We
remove this gcd by deflating out the common null space of
each coefficient Bk, which is of dimension 3. We will give
more details of this greatest common divisor computation
in a future paper. The deflated matrix polynomial is then
8 by 8 and of degree 6 in s. This gives 8 · (6 + 2) = 64
possible complex or infinite eigenvalues of the linearization
(companion matrix pencil). The 12 real finite polynomial
eigenvalues of B are found to be

−4.986618,−1.863159,−1.614302,

4.986618, 1.863159, 1.614307,

−0.8797392,−0.3377132,−0.03101624,

0.8797439, 0.3377132, 0.03101624 ,

where here we have aligned symmetric zeros so the effect of
numerical error can be seen.

5.4 Potential Difficulties
For larger degrees of parametrization, the Bézout matrix

gets larger, and the computation of the smallest singular
value (and vector, should the parameter t∗ be desired) gets
more expensive. Specialized techniques, such as the PSVD
or even just inverse iteration on the symmetric matrix B,
will be more efficient than a full SVD.



Sometimes (as in the circle) the parameter value defining
the point will be infinite. One expects that this approach
will work if the numerical techniques for solving the gener-
alized eigenvalue problem allows for this possibility.

The case of multiple roots is also likely to cause some nu-
merical difficulty. Clustering techniques, or the use of sym-
metry, may be necessary. If, for example, x = P (t)/R(t) =
1/(1 + t3) and y = Q(t)/R(t) = 3/(1 + t3), then the point
(0, 0) is indeed on this line; but the Bézout matrix of this
curve sampled at the four points τ = (−1,−1/3, 1/3, 1) is
identically zero. The determinant of the Bézout matrix cor-
responding to (ξ, η) is proportional to (η − 3ξ)3. The deter-
minants of the principal minors are proportional to (η− 3ξ)
and (η − 3ξ)2 respectively.

6. SUMMARY/FUTURE WORK
We have adapted several well-known methods from CAGD

(e.g., [17]) to the bivariate tensor-product Lagrange repre-
sentation. In doing so, we have demonstrated an interesting
new approach and that the notion of an implicit represen-
tation may be usefully extended to matrix polynomials (as
Manocha and Demmel did for CAGD problems in the mono-
mial basis [20]).

Our efforts have opened up a number of avenues for fur-
ther inquiry. In particular, for curves specified by sampled
data, the approaches here are useful for simple intersections.
It would be useful to extend the present work to account for
intersections of multiplicity higher than one. Moreover, it is
also possible to have parametric curves specified by function
data and derivative data, the so-called Hermite or confluent
case; this situation also needs to be addressed. It is also
possible that the complex symmetric structure of the Bézout
matrix in a Lagrange basis is suggestive of numerical algo-
rithms (e.g. Takagi factorization) that may help with the
solution of the matrix polynomial problems.
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[23] Azar Shakoori. The Bézout matrix in the Lagrange
basis. In Laureano Gonzalez-Vega and Tomas Recio,
editors, Proceedings EACA, pages 295–299, June 2004.

[24] Yongli Sun and Jianping Yu. Implicitization of
Parametric Curves via Lagrange Interpolation.
Computing, 77:379–386, 2006.

[25] Françoise Tisseur and Nicholas J. Higham. Structured
pseudospectra for polynomial eigenvalue problems,
with applications. SIAM J. Matrix Anal. Appl.,
23(1):187–208, 2001.

[26] Lloyd N. Trefethen. Spectral Methods in Matlab.
SIAM, 2000.


